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Several   experiment^^-^ have yielded Stark widths of 
spectral l i n e s  from s i n g l y  ionized atoms other than helium 
which exceed t h e o r e t i c a l l y  predicted values8 by factors from 
2 t o  10, This is  i n  marked con t r a s t  t o  the s a t i s f a c t o r y  
(&20$) agreement w i t h  measured widths  of l i n e s  from n e u t r a l  
atoms8" and t o  a similar agreement i n  case of s ing ly  ionized 
nitrogen'' and carbon'', The purpose of t h i s  l e t te r  i s  t o  
show that  most of the reported d iscrepancies  s t e m  from t w o  
approximations, namely the  neglect of col l is ion-induced t r a n s i t i o n s  
between upper and lower l e v e l s  of the l i n e  and of Coulomb i n t e r -  
a c t i o n s  w i t h  the perturbed ions.  
The shape I(w) of a pressure-broadened l i n e  obeys, e.g., 
fo r  r a d i a t i o n  polar ized  i n  t h e  z-direct ion,  i n  the c l a s s i c a l  
p a t h  approximation 
I ( w )  = $ Re T r  
0 
where Z ( s )  and pA are 
operators .  The trace 
the dipole moment and atomic dens i ty  matrix 
i s  over states of the perturbed system 
and the  average over per turber  coordinates .  Introducing the  
t ime-evolution opera tor  U( a, 0)  and using the  i t e r a t i v e  s o l u t i o n  
of the Schr8dinger equation accounting f o r  t he  in t eg ra t ed  effect  
- 
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of a perturber approaching the radiator  a t  time s, the  average 
can be written with Z ( 0 )  E 2 a 
X 
+ 
+ 
- 
t ($$ {z[ 7 V 1 ( t ) d t  J . V 1 ( t ' ) d t l  e - i H s /  hZe+iHs/h 
+em t 
e -iHs/hZe+iHs/  h V 1 ( t ) d t  1 V 1 ( t l ) d t l  
- Q  - O D  
V 1 ( t ) d t  e -iHS/hze+iHs/h V1( t )d t ]p ,}  + e * *  . 
-cD - O D  
Here H is the Hamiltonian of- the unperturbed system and I i 
1 
VI = e +iHs/h V the interaction Hamiltonian. The zero- I 
I order term in the  Dyson expansion produces no broadening and 
the average of the first order term vanishes. For monopole- 
dipole interact ions and complete degeneracy (VI = V) the second 
order term can be evaluatedaexactly a l s o  f o r  hyperbolic perturber 
paths,12 yielding 
2 2 -1 
{Z(O)Z(S)PA}W -aNvsJPdp 9 (3 e >'[1 + (q. e ) ] (3)  
-iHS/~zeSS.HS/fi+ e-iHs/*Ze+iHs/*RmR 
x z(a-Ee C V N  
' + * a *  9 -iHS/fiz,+iHS/h -'2 ge 
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I ?  
with N, v, and P being electron density, velocity and impact 
parameter and E the  perturbed electron coordinate vector in 
atomic units.  
The p-integral diverges a t  large P, but here V' w V is  
invalid.  
In the integrand f o r  perihelion distances P '  l a rger  than v l / h l  
(where v' is the velocity a t  p '  and A u t  the angular frequency 
separation between the levels Involved), the l n t e w a l  m u s t  be 
cut off a t  
Since re-instating V' would lead t o  a rapid decrease 
i.e., a t  a distance la rger  by a fac tor  
= 1 +  
2 
+ 
+ 
than f o r  a s t ra ight  c lass ica l  path. A t  small p no divergence 
occurs and the in tegra l  could be extended down t o  p = 0 (or  
t o  p w h/mv to account f o r  the breakdown of the c lass ica l  path 
approximation). However, f o r  close co l l i s ions  fourth and 
higher order terms i n  the Dyson se r i e s  a re  no longer negligible. 
To include them i n  a gross way the integrand i n  Eq. (3) ,  which 
represents the change of Z(0)Z(s)pA due t o  one col l is ion,  
should not be allowed t o  exceed t h i s  quantity, and a minimum 
impact parameter may be defined through 
. 
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-iHS/hZe+iHS/h = Ze 
Below t h i s  impact parameter t h e  integrand must then be replaced 
by the right-hand s i d e  of Eq. (6). In  t h i s  manner follows from * 
Eq. (3)  
(7 1 
Subs t i t u t ion  i n t o  Eq, (1) and i n s e r t i n g  i n  a d d i t i o n  t o  
upper s ta te  i and lower s t a t e  f intermediate  states i l # f  
and f 1  #i r e s u l t s  i n  t h e  asymptotic l i n e  shape as func t ion  of 
the frequency separa t ion  AIX from the l i n e  cen te r  
H e r e  it was assumed tha t  i n i t i a l l y  only t h e  upper state of the 
l i n e  i s  populated, i.e., < i l p A l i )  = 1 was t aken  as  t h e  only 
non-vanishing matrix element of pA, and the f a c t  was u t i l i z e d  
tha t  s i g n i f i c a n t  cont r ibu t ions  only a r i s e  when the e 
e +iHs/h matrix elements correspond t o  the lower and upper states, 
r e s p e c t i v e l y .  (Also, (I R , l i >  = 0 f o r  i s o l a t e d  l ines . )  -- -- 
- i H s / *  and 
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The first of the t w o  terms involving the  r a t i o  of 2-matrix 
elements reduces t o  (i' \ F i l l ) *  (i \ I l 1 i 1  ), whi le  t he  second ought 
t o  be w e l l  estimated by (f I \ E \ f ) - ( f  l R \ f l ) ,  N unless p r o f i l e s  of 
emission and absorption c o e f f i c i e n t s  were d i f f e r e n t .  
If one now def ines  a damping constant  w through 
I(&) - 1 (i 12 If j2w/7rh2, then t h i s  q u a n t i t y  which fo r  a d ispers ion  
p r o f i l e  equals  i t s  ( h a l f )  half Width, becomes I n  terms of rad ia l .  
n L  
i n t e g r a l s  %Bt of c e n t r a l  f i e l d  wave func t ions  
~a 
Here X and Y apy are 
w i t h  pgg t o  be estimated f rom Eq. ( 4 )  using fo r  A u t  the maximum 
s p l i t t i n g  between the l e v e l s  involved i n  the matr ix  elements. 
N 
(To fur ther  ensure symmetry bckween emission and absorption, 
Y i I i f  and Y i l f I f  had t o  be assumed equal  t o  each o the r  and 
therefore p r a c t i c a l l y  equal t o  Yfif - y:fl_, because normally - 
a .  
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a 
levels  I and f w i l l  be further apart than i and A ' ,  etc.1 Also, 
, e,g,, s tands  for  the l a r g e r  of the t w o  orbi ta l  quantum %, f 
numbers Li and Lf and f or  - s igns  are t o  be  used depending on 
whether, e,g,, Ai'- Ai = + 1 o r  ti, - Ai = -1. 
are e f f e c t i v e  quantum numbers, and the radial  i n t e g r a l s  may 
according to Bates and Damgaard13 be estimated from 
The ni$ etc,, 
where cp is a cor rec t ion  f a c t o r  tabula ted  f o r  a-P, P-d, and 
d-f t r a n s i t i o n s .  
E f fec t ive  quantum numbers and angular  frequency 
s p l i t t i n g s  must be determined from experimental  energy 
values, Errors due t o  the  c e n t r a l  f i e l d  m o d e l  are minimized 
by using fo r  the states it and f '  energies ,  i f  possible ,  of 
l e v e l s  having the same parent and sp in  whose t o t a l  angular  
momentum quantum numbers d i f fe r  from those of states i and f 
by the  same amounts as the  s ing le  e l ec t ron  o rb i t a l  quantum numbers, 
The q u a n t i t i e s  Y can, according t o  Eq.s (4), ( 5 ) ,  and ( l l ) ,  
be obtained from 
*a 
and i n s t e a d  of actually averaging over e l e c t r o n  v e l o c i t i e s  
it should s u f f i c e  t o  use the mean ve loc i ty  3 = (8kT/nm) 1/2 , 
. .  
4 
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. 
Widths of l i n e s  of s ing ly  ionized carbon, ni t rogen,  
s u l f u r ,  argon and calcium for which measured data are a v a i l a b l e  
were ca lcu la ted  a s  described above, including up t o  3 l e v e l s  
it and f' i n t e r a c t i n g  with upper states and lower states, 
respec t ive ly .  
i n  Eq. (9) t u r n  out t o  be s l i g h t l y  negative,  which i n d i c a t e s  
that the approximation V' w V is va l id  only marginally.  
w i t h  straight classical  path ca lcu la t ions8  i n d i c a t e s  that  the 
s t rong  c o l l i s i o n  cont r ibu t ions  are v i r t u a l l y  unchanged even if 
w vl/p', while the weak c o l l i s i o n  cont r ibu t ions  then become 
very small. To allow for th i s ,  t he  logarithms were dropped 
when they became negative.  Most of the  broadening i s  accordingly 
through s t rong  c o l l i s i o r & m  was first suggested by Murakawa 
and Yamamoto Their effects are reduced, however, by a factor 
14 
For most of these l e v e l s  t h e  logari thmic terms 
Experience 
as - 
3 
4 
from the straight c l a s s i c a l  path hydrogenic r e s u l t  and 
increased by collision-induced t r a n s i t i o n s  between upper and 
lower states of the l i n e s .  These t r a n s i t i o n s  are made much more 
l - x  
f requent  by the Coulomb acce le ra t ion  of the  per turb ing  
e lec t rons .  
Comparison of measured and ca lcu la ted  w i d t h s  (referred t o  
17 -3 N = 10 ern ) i n  Table 1 demonstrates t ha t  t h e  agreement between 
measured and ca lcu la ted  values is now i n  almost a l l  cases well 
with in  a factor of 2. Averaged over a l l  l i n e s  and plasma 
condi t ions,  the r a t io  of ca lcu la ted  and measured widths i s  1.1, 
a g a i n s t  an  average ra t io  of 0.5 i f  previous s t ra ight  c lass ical  
p a t h  ca lcu la t ions8  neglec t ing  lower s t a t e  broadening are compared 
.. I .  . 
* 
remaining 29 measurements a l l  but  2 y i e l d  r a t i o s  between 0.6 
-8- 
w i t h  measured widths .  The ratios f o r  C I I  and NII a r e  now almost 
i s o l a t e d  ion l i n e s  accounting f o r  Coulomb e f f e c t s  and upper 
~ 
and lower state broadening through monopole-dipole In t e rac t ions .  
Poss ib le  refinements a r e  then detailed ca l cu la t ions  of t h e  
ve loc i ty  average, removal of t he  approximation VI = V (lee. ,  
replacement of t h e  cu tof f  a t  large impact parameters by an a c t u a l  
ca l cu la t ion ) ,  and inc lus ion  of h igher  mult ipole  in t e rac t ions ,  if 
necessary.  It is  unl ike ly  t h a t  t h e  combined e f f e c t s  of these  
refinements would exceed - 20$ f o r  t h e  l i n e s  considered here. 
Uncer ta in t ies  from the  approximate t reatment  of the s t rong  
c o l l i s i o n  term a r e  c e r t a i n l y  of the  same order  and s i g n i f i c a n t  
improvement of t he  t h e o r e t i c a l  accuracy the re fo re  w i l l  only be 
I 
I 
I 
1 
I 
poss ib le  If the  Dyson series is ca r r i ed  t o  h igher  ordem F i n a l l y  l 
it remains t o  be shown ( e i t h e r  t h e o r e t i c a l l y  or  experimental ly)  
t h a t  t h e  p r o f i l e s  indeed have d ispers ion  shapes throughout. I 
-9- 
c Table I - Comparison of calculated ( w t h )  and measured (wex) half 
widths f o r  an electron density of N = 1017cm-3 a t  the electron 
temperatures in the various experiments (kT = 0.95 , l.04,1.11, 
1*2.5, 1.552, 1.6510, 2.611, 2.77e~). 
6 
wth CA 3 a) Multiplet 
C I I  4 
C I I  7 
CII 8 
N I I  4 
N I I  5 
N I I  18( 2) 
N I I  29 
N I I  30 
N I I  40 
N I I  58(2) 
N I I  59 
SI1 1 
SI1 6 (4 )  
SI1 7 
SI1 9(2) 
SI1 11 
SI1 38 
0.30 
1.2 
1.4 
0.16 
0.14 
0.16 
0.25 
0.20 
1.1 
0.41 
1.4 
0.23 
0.25 
0.16 
0 .30 
0.22 
0 3 8  
A I 1  6 
A I 1  6(2) 
A I 1  6(2) 
A I 1  6(2) 
A I 1  7 
A I 1  7 
A I 1  10 
A I 1  14 
A I 1  14 
. A I 1  31 
A I 1  109 
C a I I  1(2) 
C a I I  1 
A I 1  7(2) 
0.13 
0.13 
0.13. 
0.13 
0.14 
0.15 
0.12 
0.12 
0.19 
0.16 
0.19 
0.22 
0 007 
0 007 
a )  Number of measured l ines  or d i f f e r e n t  conditions in 
parentheses. 
References for experimental values i n  pargntheaes. b) 
.-, * - -  
a 
3 )  
4 )  
5) 
7) 
9)  
* )  
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